We show Kobayashi's plus/minus Selmer groups of elliptic curves for supersingular primes have no proper Λ-submodule of finite index. As an application we show the precise relation between the plus/minus Selmer group over a Zp-extension and the order of the Selmer group over the base field. This can be used to deduce the Birch and Swinnerton-Dyer conjecture from the main conjecture of Iwasawa theory of elliptic curves for supersingular primes.
Introduction
Throughout this paper we assume the following: Let p be a prime number. Let F be a number field such that every prime above p is unramified, and F ∞ be a Z p -extension of F such that F ∞,q is abelian over Q p for any prime q above p, which is always true if p splits completely over F/Q. In addition, assume every prime q of F ∞ above p is ramified (but not necessarily totally ramified) over F . Let Λ be the Iwasawa algebra
In this paper we let E be an elliptic curve over Q. Suppose we want to study the Selmer group Sel p (E/F ∞ ). When p is an ordinary reduction prime, Sel p (E/F ∞ ) has been studied extensively using Iwasawa theory. On the other hand, if p is a supersingular reduction prime, Sel p (E/F ∞ ) is hard to study, and even if we figure out the structure and property of Sel p (E/F ∞ ), it is not clear that there is a relation between that and Sel p (E/F ) or Sel p (E/F ∞ ) χ for a finite character χ. In recent years it has been shown that Kobayashi's plus/minus Selmer group Sel ± p (E/F ∞ ) for a supersingular prime p has numerous properties analogous to the Selmer group for an ordinary prime, and its connection with Pollack's plus/minus p-adic L-function (i.e. the main conjecture of Iwasawa theory for supersingular primes) has been studied ( [1] , [6] , [10] , [12] , [13] , etc.)
The goal of this paper is to find the relation between the characteristic ideal of Sel
) and the order of Sel p (E/F ). We will state the precise statement later in this introduction. To obtain that, the following result is crucial.
Theorem 1 (See theorem 19). If
proper Λ-submodule of finite index. The same is true for Sel + p (E/F ∞ ) provided p splits completely over F/Q and every prime of p is totally ramified over F ∞ /F .
As in [2] , we prove this by generalizing Cassels' theorem. Even though the idea of [2] is important in our proof, because we deal with the plus/minus Selmer group, we need to take a different approach: the proof eventually comes down to Poitou-Tate duality for the plus/minus Selmer groups of E[p ∞ ] and T p (E) twisted by κ s where κ is an isomorphism from Gal(F ∞ /F ) to 1 + pZ p . We need to prove the twisted plus/minus local conditions at the primes above p are self-dual, for which the ideas from [8] are critical.
We also want to point out that in the process of proving this theorem, we could prove some results about corank Λ Sel p (E/F ∞ ), and so on. (See propositions 15 and 16, which we believe could be proven by other means as well.)
We identify Λ with Z p [[X]] as usual. We obtain the following.
and ∼ means equality up to units.
The plus/minus p-adic L-function L ± p (X) (see [12] ) has the following property:
We can use theorem 2 to deduce the p-part of the BSD conjecture from the main conjecture of Iwasawa theory (f
does not vanish at s = 0. We would also like to point out the one divisibility of the main conjecture (f ± )|(L ± p ) was proven in [10] and the main conjecture for an elliptic curve with complex multiplication is proven in [13] . Also, it should be noted that the results in this paper were proven for an elliptic curve with complex multiplication with a different method in [13] .
Main work
We use the notations and assumptions in the introduction. In addition, when we study the plus Selmer groups, we assume (A) p splits completely over F/Q and every prime of F lying above p is totally ramified.
If you see [8] (especially section 3.2) and [6] , you can see that this is the least restrictive condition.
On the other hand, E being an elliptic curve over Q is a condition stronger than necessary. If we avoid using the formal group theory over Z as in [10] and rather use the theory of the smooth formal group schemes over Z p as in [11] , then we can replace that condition with the following one: E is defined over F and every supersingular reduction prime q of F splits completely, i.e.
In addition, when F ∞ is the cyclotomic Z p -extension of F , probably we do not need the condition (A) even for the plus Selmer group.
We let Γ denote Gal(
Once and for all we fix an isomorphism κ : Γ → 1 + pZ p where 1 + pZ p is a multiplicative group.
We let T denote the Tate module T p (E) = lim ← −n E[p n ] and for every s ∈ Z p we let T s denote the twisted group T ⊗ (κ s ). We let V and A denote T ⊗ Zp Q p and V /T respectively, and V s and A s denote V ⊗ κ s and A ⊗ κ s respectively. We note that A ∼ = E[p ∞ ]. We let Σ be a finite set of places of F containing all primes above p, bad primes of E, and ∞. We let F Σ denote the maximal extension of F unramified outside Σ.
Definition 3 (Plus/Minus norm groups
Definition 4 (Plus/Minus Selmer groups, [10] definition 1.1). We define Sel ± p (E/F ∞ ) to be the kernel of
Our first step is showing f is surjective. First we study the following.
Proposition 5 ([10] proposition 8.23, [8] proposition 3.17 and proposition 4.9). Let v be a prime of F above p. We have 
Proposition 7. For any n and a prime v of F n above p, E(F n,v ) is p-torsion free.
Proof. This is [8] proposition 3.1, which is a slight generalization of [10] proposition 8.7.
In particular, E(F ∞,v ) is p-torsion free. Thus we have A F∞,v = A F∞,v s = 0, thus the Hochschild-Serre spectral sequence
Similarly, for any integer k the long exact sequence
Definition 8. For any prime w of F ∞ above p, we define
For any s ∈ Z p and any prime v of F n above p, we define
Proposition 9. For every integer k and n, H
with respect to the Tate local pairing
Proof. Without loss of generality we can assume there is only one prime of F ∞ above v. First we choose an integer N > n such that κ(Gal(
is the exact annihilator of itself with respect to the Tate local pairing 
Thus we can identify Cor :
with the surjective map
by the multiplication by (1 + X)
By the property of cup product we have 
Note that all the local conditions for A s and A −s are divisible. Also note that if w is not lying above p, H 1 F ± (F n,w , A −s ) is 0 since H 1 (F n,w , A −s ) is finite. It is critical that proposition 9 implies that H 1 F ± (F n,w , A −s ) is H −s,± n,w for w|p. Following Greenberg, we will use the duality of Poitou and Tate (see [2] section 4, in particular the discussion before proposition 4.13). To be consistent with [2] we use the following notation.
In particular, we let P and L ± denote P 0 and L ± 0 , and similarly P * and U * ,± denote P * 0 and U * ,± 0 .
Definition 12. We let
Proof. We note that there is a perfect bilinear pairing on P n × P * n given by the Tate local pairing for each prime. By the duality theorems of Poitou and Tate, G n and G * n are the orthogonal complements with respect to this pairing. On the other hand, L ± n and U * ,± n are the orthogonal complements by definition. Thus P n /G n L ± n is isomorphic to the Pontryagin dual of G * n ∩ U * ,± n . For any prime w lying above some prime of Σ,
From the long exact sequence induced from 0
, which is 0 from proposition 7.
Thus we obtain
is the image of S ± T−s (F n ), we obtain G * n ∩ U * ,± n = 0 and consequently, P n /G n L ± n = 0.
is surjective.
Gal(F∞/Fn) has finite kernel and cokernel, thus for such s S ± As (F n ) is finite for every n.
Fix s such that S ± A−s (F n ) is finite for every n. Since we can identify A s with A as G F∞ -modules, our claim follow from proposition 13.
Before we proceed to the next step, we want to mention the following corollary.
Proof. Obvious from proposition 14. And this proposition can be proven with other methods.
The next simple proposition is another ingredient for the proof of our claim.
Proof. From the global Euler characteristic formula, we have
From the local Euler characteristic formula, we know that H 1 (F ∞,w , A) is Λ-cotorsion for any w p and if v is a prime of F above p, corank Proof. See [2] .
Since the first map is surjective, S 
(The last equality is from theorem 19.) Since c v = 1 for v ∈ Σ, our claim follows.
